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Summary  This  work  analyzes  the  higher  eigenmodes  of  matter  wave  solitons  in  parity-time
(PT) symmetric  complex  potential  using  variational  and  numerical  methods.  The  dynamical
states of  the  system  have  been  investigated  both  in  the  linear  and  the  nonlinear  regime.  In  the
linear case  the  particle  number  (power  in  optics)  of  the  higher  eigen  mode  remains  constant  for
low values  of  imaginary  part  of  the  potential  (gain/loss  term).  The  system  exhibits  a  spontaneous
phase transition  from  PT  symmetric  regime  to  broken  PT  symmetric  regime.  The  PT  phase
transition point  depends  on  the  strength  of  the  imaginary  component  of  the  potential.  The
system has  also  been  studied  by  applying  the  self-focusing  cubic  nonlinearity.  For  low  values  of
the strength  of  the  imaginary  part  of  the  potential  the  stable  matter  wave  solitons  are  formed.
The PT  symmetric  regime  strongly  depends  on  the  strength  of  the  nonlinear  coefﬁcient  and  the
chemical potential  (the  propagation  constant).  For  large  values  of  the  nonlinearity  the  particle
number of  the  higher  eigenmode  increases  which  leads  to  the  collapse  of  the  solitons.  The
stable solitons  are  formed  in  a  weak  nonlinear  system  with  low  values  of  the  strength  of  the
imaginary potential.  The  variational  results  are  found  to  be  in  close  agreement  with  numerical
results.
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ntroduction
T  symmetric  systems  are  actively  investigated  by  many
esearchers  due  to  its  potential  applications  in  various  ﬁelds
uch  as  metamaterials,  nonlinear  optics,  Bose—Einstein  con-
ensates,  atom  lasers,  quantum  ﬁeld  theory,  etc.  (Moiseyev,
998;  Muga  et  al.,  2004;  Rotter,  2009).  In  quantum  mechan-
cal  systems,  the  Hermitian  Hamiltonians  play  a  crucial  role
icle under the CC BY-NC-ND license (http://creativecommons.org/
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bHigher  eigenmodes  of  matter  wave  solitons  in  PT  symmetric
because  they  ensure  the  real  energy  eigen  values  and  the
conservation  of  probability.  In  1998,  Bender  et  al.  showed
that  a  weaker  version  of  Hermiticity  axiom  as  space—time
reﬂection  symmetry  itself  provides  real  eigen  values  (Bender
and  Boettcher,  1998).  Developments  in  this  area  lead  to
the  extension  of  quantum  mechanics  from  real  to  complex
domain.  The  parametric  diffraction  equation  in  optics  has
the  same  form  of  Schrodinger  equation  and  so  PT  symmet-
ric  optical  systems  are  studied.  A  PT  symmetric  complex
potential  can  be  formed  such  that  V(x)  =  V(x)* by  judiciously
including  even  real  part  and  odd  imaginary  part  in  spa-
tial  coordinate  (x)  where  *  represent  complex  conjugation
(Bender  et  al.,  2002,  2007).  Bose—Einstein  condensates  are
fertile  grounds  for  achieving  matter  wave  solitons.  The
Gross—Pitaevskii  equation  (GP)  is  in  the  form  of  a  nonlinear
Schrodinger  equation  and  has  been  studied  extensively  both
theoretically  and  experimentally.  In  this  paper  we  examine
the  higher  eigen  modes  of  a  system  having  PT  symmet-
ric  complex  potential.  The  paper  is  organized  as  follows.
‘‘Introduction’’  section  provides  a  brief  introduction  to  the
topic  and  ‘‘The  model  and  the  dynamical  states’’  section
describes  the  model  of  the  system.  In  this  section  the  sys-
tem  has  been  studied  both  variationally  and  numerically  for
the  linear  and  the  nonlinear  regime.  ‘‘Conclusion’’  section
concludes  the  paper.
The model and the dynamical states
The  dynamics  of  the  PT  symmetric  system  is  governed  by  the
following  equation:
i
∂ 
∂t
=  −1
2
∂2 
∂x2
+
(
1
2
kx2 −  iεx
)
  +  2g| |2,  (1)
where  k,  ε and  g  are  the  strengths  of  real  part  of  the
potential,  imaginary  part  of  the  potential  and  the  nonlin-
ear  coefﬁcient  respectively.    represents  the  matter  wave
soliton  of  the  system.  The  particle  number  (P)  in  the  matter
wave  soliton  is  given  by  the  expression,
P  =
∫ ∞
0
| |2dx.  (2)
The  particle  conservation  of  the  system  is  expressed  by
the  continuity  equation  (Jisha  et  al.,  2014):
∇  · j  =  −∂P
∂t
+ 2VI(x)P,  (3)
in  which  j  is  the  particle  ﬂux  and  is  given  by  j  =
(1/2i)(( ∗(∂ /∂x)) −  ( (∂ ∗/∂x)).  The  dynamical  states  of
the  system  have  been  analyzed  both  variationally  and
numerically.  In  terms  of  the  chemical  potential,  the  dynam-
ical  states  of  the  system  is  expressed  as,
 (x,  t)  =  ϕ(x,  t)e−it
where    represents  the  chemical  potential  of  the  system.
Eq.  (1)  is  modiﬁed  as:
i
∂ϕ
∂t
=  −1
2
∂2ϕ
∂x2
+
(
1
2
kx2 −  iεx  −  
)
ϕ  +  2g|ϕ|2ϕ.  (4)
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he  variational  method
he  Lagrangian  density  of  the  system  is  described  by  the
ollowing  equation  (Jisha  et  al.,  2014):
 = i
2
(ϕϕ∗t −  ϕ∗ϕt)  +
1
2
|ϕx |2 +  v(x)|ϕ|2 +  g|ϕ|4 −  |ϕ|2.  (5)
In  the  case  of  dissipative  systems  the  Lagrangian  density
an  be  split  into  the  sum  of  conservative  and  nonconserva-
ive  parts,  i.e.,  L  =  LC +  LNC. The  conservative  part  of  the
agrangian  consists  the  real  part  of  a  complex  PT  symmet-
ic  potential  and  the  nonconservative  part  deals  with  the
maginary  part.
C = i2(ϕϕ
∗
t −  ϕ∗ϕt)  +
1
2
|ϕx |2 + 12kx
2|ϕ|2 +  g|ϕ|4 −  |ϕ|2,
NC =  −iεx|ϕ|2.
We  have  assumed  Hermite—Gaussian  of  order  1  as  ansatz
hich  is  given  below:
(x,  t)  =  A(t)x  exp
( −x2
2a(t)2
+ ib(t)x
2
2
+  i(t)f(x)
)
, (6)
here  A(t),  a(t),  b(t)  and  (t)  are  the  amplitude,  the  width,
he  wave  front  curvature  and  the  phase.  The  phase  proﬁle  of
he  PT  symmetric  systems  exhibit  spatial  dependence  (f(x))
nd  here  f(x)  =  tanh(x3).  The  reduced  Lagrangian  of  the  sys-
em  is:  〈LC〉 =
∫ ∞
0
LCdx.  The  standard  variational  approach
o  the  dissipative  systems  leads  to  the  equations:
∂2〈LC〉
∂t∂i
− ∂〈LC〉
∂i
=  2Re
{∫ ∞
0
Q
∂ϕ∗
∂i
dx
}
here  Q = ∂LNC
∂ϕ∗
− ∂
∂x
(
∂LNC
∂ϕ∗x
)
.
The  effective  Lagrangian  of  the  system  is  given  by  the
quation:
LC〉  = 3
√
A2a5bt
16
+ 135
√
A2a72
((16/
√
) −  (75√/16))32 +
√
A2a
4
+ 3A
2a5k
16
− A
2a3
√

4
+ 3gA
4a5
√

32
√
2
+ A2a6t
+ 3A
2a5b2
√

16
+ 3A2a6b  − A
2a2
2
.  (7)
The  variational  analysis  gives  a  set  of  the  coupled  equa-
ions  for  the  particle  number,  the  amplitude,  the  width,
he  wavefront  curvature  and  the  phase.  These  equations
ave  been  studied  numerically  both  for  linear  and  nonlinear
egime.
The  studies  have  been  shown  that  the  system  undergoes
pontaneous  PT  symmetric  phase  transition  depending  on
he  value  of  the  strength  of  loss  term  (ε)  both  in  linear  and
onlinear  regime.  For  real  potential  the  particle  number  is  a
onstant  but  the  amplitude  decreases  and  the  width  of  the
eam  increases  as  the  system  evolves.  For  low  values  of  ε
he  system  behaves  as  in  the  case  of  real  potential.  This
egime  is  known  as  PT  symmetric  regime.  As  ε increases
he  system  undergoes  spontaneous  phase  transition  from
T  symmetric  region  to  broken  PT  symmetric  region.  In  the
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Figure  1  Soliton  evolution.  (a)  For  the  real  potential  (ε  =  0);  (b)  for  the  PT  symmetric  regime  (ε  =  0.1)  and  (c)  for  the  broken  PT
symmetric regime  (ε  =  2).
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Jigure  2  First  excited  state.  Soliton  evolution:  (a)  real  pot
ymmetric regime  (ε  =  2).
roken  PT  symmetric  regime  the  particle  number  increases
long  with  the  width  of  the  proﬁle.  For  the  weak  nonlinear-
ty  and  low  loss,  the  soliton  evolution  is  stable.  Fig.  1a  is
lotted  for  the  real  potential  and  g  =  0.1.  It  is  evident  from
he  plot  that  the  particle  number  is  constant  whereas  the
mplitude  decreases  and  the  width  increases.  In  the  PT  sym-
etric  regime  the  nature  of  the  soliton  is  same  as  before  as
hown  in  Fig.  1b.  In  the  case  of  broken  PT  symmetric  regime,
oth  particle  number  and  the  width  increase  as  shown  in
ig.  1c.  For  low  values  of  g  and  ε  the  soliton  propagation  is
table.
imulation
e  have  solved  Eq.  (1)  numerically  in  the  linear  and  the
onlinear  regime  using  the  ﬁnite  difference  method  to
etermine  the  dynamic  states  of  the  system.  In  the  lin-
ar  regime,  the  solution  is  stable  for  low  values  of  ε
nd  represents  the  PT  symmetric  regime.  But  for  bro-
en  PT  symmetric  regime  the  particle  number  no  more
 constant  and  so  the  output  proﬁle  is  unstable.  The
table  solitons  exist  for  low  values  of  ε  as  shown  in
ig.  2a  and  b  for  the  weak  nonlinearity  g  =  0.1.  Fig.  2c  is
rawn  for  the  broken  PT  symmetric  regime  in  which  the
oliton  solution  collapses  as  the  system  evolves.  The  vari-
tional  results  are  in  close  agreement  with  the  numerical
esults.
M
M
Rl  (ε  =  0);  (b)  PT  symmetric  regime  (ε  =  0.1)  and  (c)  broken  PT
onclusion
e  have  analyzed  the  ﬁrst  excited  states  of  the  matter
ave  solitons  in  a  PT  symmetric  potential  with  the  cubic
onlinearity  using  the  numerical  and  the  variational  meth-
ds.  It  is  found  that  the  strength  of  the  complex  part  of
he  potential  exhibits  a  threshold  value  above  which  the
olution  is  unstable  for  the  excited  modes.  Below  the  thresh-
ld  value  the  system  supports  the  matter  wave  solitons  and
t  is  known  as  PT  symmetric  regime.  By  tuning  the  nonlin-
arity  and  the  real  part  of  the  potential  it  is  possible  to
ontrol  the  PT  symmetric  threshold  value.  In  the  PT  symmet-
ic  regime  these  solitons  are  stable.  This  ﬁnds  application  in
he  Bose—Einstein  condensates  and  in  the  atom  lasers.
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